Multivariable Calculus

Exercises: solutions

1. Calculate all partial derivative of the following functions:

a.) g(z,y) = (z —y)*

9u =2(z —y)
gy = —2(z — y) (the minus sign comes from using the chain rule).

An alternative here is to first expand the square (‘remove parentheses’), then compute g, and g,
from the result. This is more work, however. (And definitely not advisable for ex.2.b.)

b.) f(z,y) = sin (In(z)) + zy + y>

fo =cos(Inz) - L +y (use chain rule)
fy =2z +2y.

2. Calculate the gradient of the following functions:
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a.) f(z1,22) = vyl
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The desired gradient is < T ) Write the square root part as (2 — 1)'/2 to arrive at
foo = 3@ —1)712 21y = L
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frr = VA =1 (—4)a5® = — 2L

2 x5
b.) g(z,y,2) = (xyz — 2* + ¢y - 2°)?

9a
The desired gradient is gy
9o = 2(xyz —2° +y° — 2 )(yz — 2z)
gy = 2(xyz — 2° +y* — 2*)(v2 + 2y)
gz = 2(xyz — 2 +y* — 2%)(zy — 22).

3. Given the following functions f and directions u. Calculate the directional derivative at the given
coordinates.

a.) f(z,y) =2°+ /zy and u = (3, 1) at position (v2,2v/2)
fo= 20+ an) oy =20+ gy =20+ 3T
fy=dlay) 2w =4[5

y
The general directional derivative is

ma(@- V) = \f+x+4f
Filling in (z, y) (\[ 2v/2), we get
Tl V1) = VGG + VE+ 1D = VAGVE+ VE+ 1D = $VEVE= # =2

b.) f(z,y,2) =x+y+ 2z and u = (2,0, 1) at position (w, 72, 73)
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Vf=
1
T (@ Vf) = f(2 1+0-1+1-1) =3 =25
Note that the directional derivative always has this value, regardless of the x,y, and z coordinates
used.

4. Calculate the following multiple integrals:

) /12 /12 (2 + 2y?) dydx

2 2 2 1 2 2 3 1
/ / (2 + zy?) dyda:z/ yr? + —ay? dxz/ (222 + —x) — (2® + - 2))dx =
1 )1 vl 3 1 1 3 3
2
7 1 7 16 28 2 7 35 )
Layde = |Za® + 22?| = .
/($+3x)x [3x+6xL 676 6 6 6 6

/ /7;//22 /24 (z3 sin (y) cos (z)) dzdydz

fo fﬂﬁz f; (ZS sin (y) cos (x )) dzdydz =
Iy f 71'/2 sinycosz [+2* ] dydz =

Iy f 71'/2 smycosx 1(256 — 16)dydx =
60 fo f /2 siny cos zdydx =

—60 [ cos z(—) [cos y}—ﬂ/2 de —

—60 f; cos (0 — 0)dz = 0.

5. Find the stationary points of the following functions:

a.) f(z,y) =sin(z)sin (y) on the domain [—m, 7] X [—, 7]
(fw)_<sinycosx>_<0>.f
fy ) \ sinzcosy /  \ 0 !
(sinycosxz = 0) A (sinzcosy = 0), in the given domain this means

(r=+FVy=0Vy=tm)A(z=drVe=0Vy==£7).
Fishing out all valid coordinate pairs gives us 13 stationary points:

(-5,-3)  (=m—m)
(-5,+3)  (=m0)
(+3,—3) (=7 +7T)
(+%’+g) (07 )
(0,0)
(0, 47)
(+7T,77T)
(+m,0)
(4, +m)

b.) f(z,y) = 2%y —xy*> +5
2y — y? 0.
Vf:(ach—Zgy):(O)lf
(2zy — y?> = 0) A (22 — 22y = 0)
(y(2z —y) = 0) A (z(x — 2y) = 0)
(y=0Vaz=3y)A(x=0Va=2y), the only possible point here is (0,0).
c) flz,y,2) =2 +y* + 2% — 4o + 8y — 62 + 29

20 — 4 0
Vi=| 2y+8 | =1 0 | if (z,y,2) = (2,—4,3).
2z —6 0



